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ABSTRACT 

The deformations of the Galilei algebra and their associated noncommutative 
Newtonian spacetimes are investigated. This is done by analyzing the possible 
nonrelativistic limits of an eleven generator (pseudo)extended K-Poincare algebra 
V K and their implications for the existence of a first order differential calculus. The 
additional one-form needed to achieve a consistent calculus on ^-Minkowski space 
is shown to be related to the additional central generator entering in the V K Hopf 
algebra. In the process, deformations of the extended Galilei and Galilei algebras 
are introduced which have, respectively, a cocycle and a bicrossproduct structure. 
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1. Introduction 



The deformation or 'quantization' of the symmetry Lie group of affine spaces 

1—2 

has been hindered by the lack of a prescription like the Drinfel'd-Jimbo one 
which applies to simple groups and for which there is also a well defined universal 

3 

i?-matrix . From a physical point of view, the most interesting groups to deform 
are the kinematical groups of relativistic and nonrelativistic theories, the Poincare 
and the Galilei groups. But due to the lack of a definite prescription for inhomoge- 
nous groups, there is not a unique deformed Poincare algebra. A recent classifica- 
tion of deformed Poincare groups (which nevertheless does not include all proposals 
as e.g., ) has been given in based in the deformations of the Lorentz group (see 

7 8 

also in connection with deformed Minkowski spaces). Other deformed spacetime 

9 

affine algebras have been proposed in . We shall devote this paper to the problem 
of defining a deformation of the Galilei algebra and its associated spacetime. Our 
starting point will be the k- Poincare algebra P K 10 , which is obtained by a non- 
standard contraction {i.e., involving also the deformation parameter g 11 ) from 
the deformed anti-De Sitter algebra U q (so(3, 2)). From a mathematical point of 

12 

view, V K has the interest of having a bicrossproduct structure , which is specially 
adept to deform Lie groups with a semidirect character and hence inhomogeneus 

9 5 

kinematical groups; it is also one of the deformations in and . We shall obtain 
deformed Galilean algebras and Newtonian spacetimes by analyzing the contrac- 
tions of V K . The second Galilean deformation uncovered by our analysis, denoted 

13 14 

Qa in sec. 6, was given in in a different basis . The bicrossproduct structure 
and the Casimirs of Qa (sec. 6) were not, however, discussed in this reference. 
A bicovariant and Lorentz covariant first order differential calculus on k- 

15 

Minkowski spacetime M. K has been proposed recently . The self-consistency of 
this differential calculus requires the addition of one scalar one-form <p to the space- 
time ones dx^. We show that this additional variable may be related to a new 
central generator which determines a Hopf algebra 'pseudoextension' (see below) 
of V K . To stress the analogy with the undeformed case, we study a differential 
calculus based on a non-scalar form ip, which in the nonrelativistic limit leads 
to a consistent differential calculus on an enlarged Newtonian spacetime associ- 
ated with a deformation of the extended Galilei algebra. Although, up to now, 
there seems to be no physical need for deforming spacetime and the applications 



2 



of noncommutative geometry to real physical theories do not abound (see, how- 
ever, 16 1 ), the analysis of the above problems may shed some light on the nature 
of the deformation process. 

18 

All the algebras considered in this paper have a bicrossproduct or a cocycle 

19 

bicrossproduct structure . The defining properties of these structures are sum- 
marized for completeness in Appendix A. 



2. V K and /^-Minkowski spacetime 
Let us start by recalling the defining relations of the K-Poincare algebra V K 

12 

in the basis which is suitable to exhibit the bicrossproduct structure 

[P ll ,P v ] = U , [Mi, Mj] = e ijk M k , [M i ,P j ] = e ijk P k , 
[Mi,P ] = , [M i ,N j ]=e ijk N k , [Ni,P ]=Pi , 
[Ni,Nj] = -€i jk M k , 



10 



(2.1} 



1 1 — Sij 



- ( 1 - exp 



2P 



K 



2k 



l -PP ■ 

K l 3 ' 



this basis preserves the classical Lorentz subalgebra. The Hopf algebra structure 
of V K is given by adding the coproducts 



AP Q =P ® 1 + 1 <g> P Q , APi = Pi <g> 1 + exp 



K 



AMi =Mi <g> 1 + 1 <g> Mi , 
ANi =Ni ® 1 + exp ' _jf() 



(2.2) 



K J K 

counits (e(P^, Mi, Nj) = 0) and antipodes 



Ni + -€i jk Pj <g> M k 



S(P ) = -P , S(Pd = -exp[ — )Pi , 



P 



K 



S(Mi) = -Mi , S(Ni) = - exp 3) N, + -q jfc exp f ^) PjM k 



(2.3) 



The deformation parameter k, with dimensions of (length) -1 , appears after 
contracting U q (so(2, 3)) by rescaling = RP^ and redefining the original defor- 
mation parameter q as q = exp(l/nR) before performing the R — > oo limit; thus 



3 



Mi and iVj are dimensionless and [P^] = (length) . As a result, V K introduces a 

20 

'natural' length unit 1/k in a "P^-governed relativistic theory . Since k appears 
as a new 'universal' constant still undetermined, it is possible to think of k as 
including factors of the other natural constant in the theory, the velocity of light 
c. In order to discuss possible nonrelativistic limits, we shall consider below two 
possibilities: a) replacing k by kc and b) replacing k by k/c, which correspond 
to deformation parameters with dimensions [k] = L~ 2 T, [k] = frequency. Notice 
that we do not set k = kc or k = k/c in V K ; rather, we shall consider deformations 
Va and Va of V defined by making in V K the above replacements. In fact, any 
factors in c hidden by the use of units in which c = 1 have to be made explicit 
to discuss the non-relativistic limit. They may appear accompanying constants 
such as k here or in other places, e.g. as in the cocycle defining the supertransla- 
tion graded group where an 1/c factor is needed to define the non-relativistic limit 

22 

of supersymmetry . This fact may be used to obtain, from the bicrossproduct 

23 

structure of the k deformed superPoincare algebra , the corresponding deformed 
superGalilei algebra. 

We do not use natural units and Planck's constant h will not appear in the 
text. Thus, [k] = L^ 1 ; k cannot have dimensions of mass in a classical (h = 0) 
framework. There are two general approaches to discuss deformation (q ^ 1) and 

24 

quantization (h ^ 1) (see for an early discussion of both processes). If q = q(h) 
is assumed (and there is no a priori reason for it) mathematical deformation (also 

25 

termed 'quantization' ) implies physical quantization. Since q is dimensionless, 
this requires the presence of another dimensional constant that will survive in the 
quasiclassical approximation which itself requires a definite hypothesis on the form 
of q(H) (as e.g., q = exp^h)). It constitutes an interesting problem to look in 
this approximation at the effects of 7 in spacetime theories (for a simple analy- 

26 

sis already exhibiting the serious difficulties that may be encountered see ). If 
q 7^ q(h), quantization and deformation are different processes, and the presence 
of q 7^ 1 affects the commuting properties of the algebra elements at the classical 

27 

level and deforms the 'product' between the algebras . There is no clear way to 
quantize (i.e., to introduce H) a deformed system, and the heuristic multiplication 
of the classical generators by ih, which can be justified geometrically in the unde- 
formed Lie algebra case, might not be an adequate prescription to obtain quantum 
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operators when g ^ 1. We shall take here the q ^ q(h) point of view and restrict 
ourselves essentially to classical considerations. Thus, the translation generators 
will have dimensions of L^ 1 rather than of momenta, and the mass dimension will 
be introduced through the parameter characterizing the two-cocycle of a central 
extension. 

18 

To recover the Hopf algebra (2.1)-(2.3) as the bicrossproduct U(so(l,3))x 

12 

U K (Tr) of Hopf algebras, one needs a right action a : U K (Tr) <g>U(so(l,3)) — > 
U K (Tr), characterizing U K (Tr) as a right so(l, 3)-module algebra and a left coaction 
P : U(so(l, 3)) — > U K (Tr) ®U{so{l ) 3)), characterizing U(so(l, 3)) as a left U K (Tr)- 
comodule coalgebra, subjected to certain compatibility conditions (see Appendix 
A). The algebra U K {Tr) is the deformation of the translation Hopf algebra defined 
by: 

[P M , P v \ = , AP = P <8> 1 + 1 ® Po , 



APi = Pi ® 1 + exp(-P /«) ® P 



(2.4) 



ZY(so(l,3)) is the cocommutative Hopf algebra defined on the enveloping algebra 
of the Lorentz algebra. The right action of the classical Lorentz algebra on Tr, 
a(t, h) = t<h, t G Tr, h G C is defined to be (cf. (2.1)) 



P < Mi = [P , Mi] = , P<M j = [P,M ] ] = e ljk P k , 
P < Ni EE [P , JVi] = -Pi , 



P < Nj EE [P, iVj 



^(l-exp(-2P / K )) + ^P 2 



+ -PP 



(2.5) 



and the left coaction (5 is given by 



P(Mi) = 1 (8) M , /W) = exp(-P /«) ® ^ + — Pj <8) M fe 



(2.6) 



Using (A. 16), (A. 18) it is seen that (2.2), (2.3) are recovered and hence P K = 
U(so(l,3))t*U K (Tr) 1228 . 



5 



12 

The associated k- Minkowski spacetime algebra Ai K may now be introduced 

as the dual Tr* to the translation (momentum) sector Tr, < P fJ ,,x l/ >= 5^. The 

commutativity (noncocommutativity) of U K (Tr) induces cocommutativity (non- 
29 30 12 

commutativity) in A4 K . Specifically ' ' 

Ob ' 

Ax^ = x^ <g> 1 + 1 ® x^ ; [x^ xj] = , [x iy x ] = — . (2.7) 

The canonical action of the momenta generators on A4 K is now defined by t>t* =< 
t*^, t > t* 2 y, this leads to P^ = d/dx^ provided it acts on elements of JA K with all 

12 31 

powers of x° to the right . As for the elements of U(so(l, 3)), their right action 
on Tr induces a left one on M. K by < a< h,x >=< a,h>x >. Then eqs. (2.5) 
lead to 

Mi>Xj = e ijk x k , Mi>x o = , Ni>xj = -5ijX , Ni>x = -Xi (2.8) 



(to which one may add P^ > x u = 5^). Using these results on quadratic terms 
(h> xy = (h(i) > x)(h(2) >y)) h is found that Xq — x 2 + ^xq is Lorentz invariant 12 
(^-Minkowski metric; however, it is not a central element in JA K ). 



3. Lorentz covariant differential calculus on M. K 

A feature of the Lorentz covariant calculus on M. K of 15 is that the spacetime 
algebra needs to be enlarged with the addition of a one-form 0; otherwise there is 

no consistent solution for the relations defining the bicovariant calculus. Given a 

32 

Hopf algebra A, a first order bicovariant differential calculus over A is defined by 
a pair (r, d) where d : A — > T is a linear mapping satisfying Leibniz's rule and T is a 
bicovariant ^4-bimodule i.e. the linear mappings Al : T — > A®T , A R : T — > T®A 
(left and right coactions) and the exterior derivative d satisfy 



A L (aub) = A(a)A L (u)A(b) , A R (aub) = A(a)A R (u)A(b) 
(A®id)A L = (id® A L )A L , (id <g> A) A R = (A R <g> id) A R 



(3.1) 



(id® A R )A L =(A L ® id) A R , (3.2) 

A L d=(id®d)A , A R d = (d <g> id) A , (3.3) 
where the left (right) equations in (3.1) express the left- (right-) covariance of T, 
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(3.2) is the result of bicovariance (commutation of A# and A/,) of T and (3.3) 
expresses the compatibility of d and A with Al , A#. It follows from Aa;^ (eq. 
(2.7)) that all dx^ are left- (LI) and right-invariant i.e., 

A L (dx^) = l®dx^ , A R (dx ll )=dx ll ®l . (3.4) 

15 

Following , let Xa (a = 0, 1, ...,N>D — 1, where D is the dimension of space- 
time) be a basis of left-invariant forms. It then follows that the commutator [x^, Xa] 
is LI, A L ([Xfj,,Xa]) = 1 <S> [Xfj,,Xa], and hence that 

[x M , Xa] = A^Xb • (3.5) 

The Jacobi identity for (x^,x Vl Xa) then gives 

Bp V A c pa + A b va A c ^ b + A b ^ a A c vh = , (3.6) 

where the commutators in (2.7) have been jointly expressed as [x^, x^] = B^ u x p . 
Since dx^ is LI, dx p = C®Xa, and Leibniz's rule applied to [x M ,x F ] gives 

-C^A^a + C„A c ^ a = B^Cp . (3.7) 

The solutions to (3.6) and (3.7) determine a first order bicovariant differential 
calculus on M. K . 

The action (2.8) of the Lorentz algebra is extended to the module of one-forms 
in the natural way 

h>(ydx) = (h( 1 )>y)(d(h( 2 )>x)) , h> (dxy) = (d(h^> x))(/i (2 )> y) . (3.8) 
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This leads to the following relations 

N k > [xi, dxj] = -5 ki [x , dxj] - 5 kj [xi, dx ] + -{5 kj dxi - 5ijdx k ) , 

K 

N k > [xq, dxi] = - [x k , dxi] - 5 ki [x , dx ] + -S ki dx , 

K 

N k > [xi , dx ] = -[xi, dx k ] - Ski [xo , dx ] , 

N k > [x , dx ] = -[x k , dx ] - [x , dx k ] + -dx k , 

K 

M k > [xi, dxj] = e kU [xi, dxj] + e kj i[xi, dx{\ , M k > [x , dxi] = e k u[x , dxi] , 
M k > [x^ dx } = e kU [xi, dx ] , M k > [x , dx ] = , 

(3.9) 

Now, since in general h> [x^Xa] — A ( j ia (h>Xc) by e Q- (3-5), we may set x^ — dx^ 
and look for solutions to the system of equations to which eqs. (3.9) give rise. In 
fact, the solution 

[xi,dxj} = 5ij , [xi,dxo] = — - , [xo,dxi] = , [xo,dxo] = (3.10) 

15 

is unique, but since it does not satisfy (3.6), it does not define a covariant calculus . 
To obtain a consistent solution, an additional scalar (M^>0 = = Ni><f>) one-form 

15 33 

is necessary , which leads to the solution 



[x li ,<f>] = -dx li , [x ,dx ] = - , [x ,dxi] 
[xi, dx ] = -dxi , [x^ dxj] = 5ij-(dx - 4>) 

K K 



(3.11) 



which satisfies both (3.6) and (3.7). 

Two questions immediately arise. The first is the origin of the additional one- 
form 0; the second is related with the possibility of defining a nonrelativistic limit 
of V K since eqs. (3.10), (3.11) do not have a c — > oo limit (xq = ct) unless k is 
redefined. There are now two possibilities: 

a) if we replace k by kc, all commutators in (3.10) or (3.11) become zero for 
c — > oo with the exception of 

[xi,dxj] = Sij^- ; (3-12) 



K 



b) we may replace by a different one-form which, in contrast with the 
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scalar <p above, transforms as 



M k > p = , N k > ip = mcdx k , (3.13) 

where m is a mass parameter; thus, y2 has dimensions of an action (the appearance 
of a new dimensional constant m besides c and k, and the form of N k >p in (3.13), 
will be justified later). Eqs. (3.13) and (3.9) lead to 



N k > [xi, p] = -5 ki [x Q , p] + mc[xi, dx k ] 



mc 



N k > [xq, ip] = -[x k , ip] + mc[x , dx k ] dx k , (3.14) 



K 



M k > [xi, <p] = e kU [xi, ^] , M k > [x , ip] = . 

A solution to the corresponding system of equations with unknowns A b ^ a in (3.5) 
is given by (cf. (3.11)) 



[xo,dx ] = -dxQ H —ip , [xo,dxi] = , [xo,ip\ = - — 

k Kmc K 

[xi,dx ] = -dxi , [xi,dxj] = -8ij-¥— , [xi,p]=0 , 
k Kmc 



(3.15) 



which may be checked to satisfy eq. (3.6) (Jacobi) and Leibniz's rule (with dp = 0) 
for the last eqs. in (2.7) (eq. (3.7)) (in fact, the above solution (3.15) is just a simple 
one in an existing one-parameter family of solutions; this parameter is related to 
the scale invariance [0 — * ct<j>] of Mj>0 = = iVj>0). Then, if we now replace k by 
k/c the nonrelativistic limit of eqs. (3.11) is determined by [xi, xj] = , [xi, t] — 5f 
plus the c — > oo limit of (3.15), namely 



= ? , [t,^] = , [t,p] = -% , 

K K 

[xi,dt] = , = -kj-^-z , = 

k mK 



(3.16) 



In the undeformed case (/c, KorK^ oo) all the expressions become commuting 
ones, and p (or in (3.13)) becomes 'uncoupled' to the spacetime variables. To 
see the meaning of p, it is convenient to look first at a larger, eleven generator, 
K-deformed Poincare Hopf algebra. 
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4. Pseudoextended K-Poincare algebra V K 

We now consider a deformation of the four-dimensional Poincare Lie algebra 
centrally 'pseudoextended' by a one-generator algebra. The word 'pseudoextension' 
refers to the fact that, although a Lie group G may have trivial second co homology 
group H 2 (G,U(1)), one may describe the direct product extension by means of a 
two-coboundary which in the contraction limit leads to a non-trivial two-cocycle of 
a central extension G c of the contraction G c of G. Although the two-coboundary 
is trivial, it is not completely so in the sense that in the contraction it gives rise to 
a non-trivial cohomology group element: a contraction may generate group coho- 

34 35 

mology ' . This is the case for the four-dimensional Poincare group P, for which 
P c is the Galilei group and G c is the 11-parameter central extension of the Galilei 
group 36 , usually denoted G( m ) since for the Galilei group H 2 (G,U(1)) = R and 
the mass parameter characterizes the extension two-cocycle. This non-trivial two- 
cocycle is the contraction limit of a two-coboundary generated by a one-cochain 

34 37 38 

which does not have a contraction limit ' 

In terms of the Lie algebra generators, a pseudoextension may appear as the 
consequence of a redefinition of the basis of the trivially extended algebra which 
involves the contraction parameter. We accordingly introduce V K x W(S) as the 
Hopf algebra of generators (Mj, iVj, Pj, Pq, S), where S is central ([S, all] = 0, [S] = 
(action) -1 ), defined by the Hopf algebra relations of V K plus AS = S <g) 1 + 1 <g) 
S, S(E) = — S, e(S) = 0. If we now make the change 



P^ = P -mcE , (4.1) 

the Hopf algebra structure is written as before with the replacement of Pq by 
Pq — mcE. Explicitly, the deformed algebra V K is defined by 

[Pi,Pj\=0 , [Pi,Po] = , [M l ,M J }=e ljk M k , 

[Mi,Pj\ = €ij k P k , [Mi, Po] = , [M i ,N j ]=e ijk N k , 

[N i ,P Q ]=P l , [N l ,N j ] = -e ijk M k , ( 4 - 2 ) 

1 



[Ni,Pj] = 5,, 



K ( ( Pn — mcS\\ 1 o 



- -Pipj 

K 
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APi = Pi <g> 1 + exp 



Po — mcE 

K 



AiVj = iVi <g> 1 + exp ( — ^= ) <g> Ni + -e ijk Pj <g> M fc ; 

the other coproducts being primitive. In the k— > oo limit, [iVj, Pj] = Sij(Po — mcH); 
if the c — > oo limit is now taken we get the Gt m ) commutators including the [boosts, 
momenta] commutator [V{, Pj] = —mSij'E (these two limits cannot be interchanged; 
there is no c — > oo limit for (4.2), (4.3) due to mcE). Let now x be the coordinate 
dual to the central one S, < S, x >= 1- Then eqs. (2.7) are now completed with 

Ax = X ® 1 + 1 ® X , [X, %i] = — Xi , [X, xq] = (4.4) 

K 

and Ai(d%) = 1 ® % , Ar(cIx) — dx <S> 1- If we now introduce an enlarged k- 
Minkowski spacetime M. K with coordinates (x M ,x), [x] =action, the left action of 
the Lorentz generators on (x M ,x) is given by (2.8) plus 

Mi>x = , iV;>x = mcxi , (4.5) 

which imply M{>dx = 0, N{>dx = mcdxi (cf. (3.13)); clearly, iVj > (mcrro + x) — 0. 
The action of the Lorentz generators on the commutators involving differentials is 
now given by (3.9) plus (3.14) in which the one-form ip is replaced by dx plus 

M k > [x, dxi\ = e k u[x, dxi] , M k > [x, dx ] =0 , M fe > [x, dx] = , 

TfiC 

N k > [x, dxj] = mc[i fc , dxj] - 5 ki [x, dx ] S ki dx 

K 

N k > [x, dx ] = mc[x k , dx ] - [x, dx k ] dx k 1 ' ; 

K 

N k > [x, dx] = mc[x k , dx] + mc[x, dx k ] H dx k . 

K 

It may now be seen that eqs. (3.15) with ip = dx plus the commutators in (4.4) 
and 

\x,dx ] = -— , [x, dxi] = — dxi , [x,dx} = ^^dx (4.7) 

K K K 

define a covariant first order differential calculus on M. K which is a solution of 
the system of equations defined by (3.9), (3.14) (with y? = dx), and (4.6), which 
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satisfies (3.6) and (3.7). The origin of the additional one form tp is now clear: it 
is the differential of the new variable x i n t ne enlarged spacetime. As one might 
expect the redefinition x' = X + iticxq (N{ > x' — 0) takes the solution (4.4), 
(3.15) (with ip = dx) to the solution (3.11) where = -^Ax' an d x' is now scalar. 
As for m, it characterizes the coboundary implied by the redefinition (4.1). The 
differential calculi based on (p and are equivalent in Woronowicz's sense but they 
are inequivalent in the nonrelativistic limit (see eqs. (3.16) and sec. 5). 

To conclude, let us show that the pseudoextended /t-Poincare V K Hopf algebra 

19 

has a cocycle bicrossproduct structure (see and Appendix A), where H — V K 
and A = W(S). In it, a and ip are taken to be trivial, a(a,h) = ae(h) and 
i/)(h) — 1 <S> le(h). The mapping (5 is defined by 

P{Pq) = \®Pq , (3{Pi) = exp(mcS//€) <g> P { , 
(3(Mi) = 1 (g) Mi , /3(JVj) = exp(mcS//t) ® ^ . 

and the coboundary by 

$(JV i ,P i )=^(l-exp(^s)) . (4.9) 

Then, looking at in Appendix A it is seen that the consistency formulae are satisfied 
and that the Hopf algebra structure of V K is recovered; in particular, [iVj, Pj] (eq. 
(4.2)) and eqs. (4.3) are recovered from (A. 29) and (A. 30). 

5. A deformation G(m)k °f the extended Galilei algebra 
A natural way of deriving a deformed Galilei Hopf algebra is to apply the 

39 

standard c — > oo limit contraction to P K . Here, this means contracting with 
respect to the Hopf subalgebra defined by the translation and rotation generators 
using the redefinitions 

Pi = Xi , Ni = cVi , M i = Ji , P = -X t , (5.1) 

c 

the last one being solely motivated by the replacement of x° by ct in Pq. The 
contraction is made with respect to a subalgebra and no new deformation parame- 
ter appears. This is in contrast with the contraction of U q (so(2, 3)) leading to V K , 
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which was done with respect to the Lorentz sector which is a subalgebra in so q (2, 3) 
only in the q — 1 limit (the 'boost' commutators in so q (2, 3) give rise to momenta 
for q ^ 1) and hence required that q become involved in the contraction process 
by setting q = exp(l/ kR). If we perform this contraction in (2.1)-(2.3), however, 
we obtain the co commutative, undeformed Hopf algebra structure of the Galilei 
enveloping algebra U(Q). Moreover, we already saw that the c — > oo limit cannot 
be taken directly in (3.10) and in (3.11) or (3.15). Thus, k mustbe accompanied 
by factors of c if a non-relativistic limit has to be feasible. 

Let us consider in this section the case a) in sec. 3, k — ► kc , [k] = L~ 2 T and 
write Vk for V K with k replaced by kc. Using (5.1) we obtain from eqs. (4.2), (4.3) 
in the contraction limit the deformed extended Galilei Hopf algebra G(m)k defined 
by 

[Xi,Xj]=0 , [Xi,X t ]=0 , [Jj, Jj] = tijkJk , 

[Ji,Xj] = tijkX k , [Ji,X t ]=0 , [Ji,Vj] = eijkVk , (52) 
[Vi, X t ] = X, , [Vi, Xj] = <%|(1 - exp(2mS)/«) , [S, all] = , 



AXi = Xi<g)l + exp(mS /k) <S> Xi , 
AVi = Vi(g)l + exp(mZ/k) (g)Vi ; 



(5.3) 



the other coproducts are primitive and the antipodes of the generators are simply 
given by a change of sign but for 

S(Xi) = -ex.p(-mZ/k)Xi , S(Vi) = - exp(-m~/k)Vi . (5.4) 

The Casimir operators for G(jn)h are easily found. They are 

d =X t (l - exp(2mS/£))£ - X 2 , 



C 2 



2 

(1 - exp(2mS/£)) - (V x X) 



i C3 = 2 ; 



(5.5) 



In an undeformed quantum theory, we could set S ~ i/Ti (the dependence of the 
wavefunction on the central parameter may be factored out by a £/(l)-equivariance 
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condition). Thus, C\/2m oc U% and C^/m oc S| constitute the deformations of the 
internal energy and of the spin operators (in nonrelativistic quantum mechanics, 
the position operator x is equal to V/m once the factor %h is added). The classical 
k — > oo limit of (5.2)-(5.5) reproduces the Hopf algebra structure of the enveloping 
algebra U(G( m )) of the centrally extended Galilei algebra G( m ) (i n which [V^,Xj] = 
—m5ijE.), and the standard Qt m ) Casimir operators. 

Let us now introduce a differential calculus on the enlarged k-Newtonian space- 
time Aff> of coordinates (t,Xi,x) associated with G(m)K- The left actions 

Ji > Xj = eijkXk -h > t = , Vi> xj = —Sijt , Vi > t = , (5.6) 

plus 

J i>x = , Vi>x = mxi , (5.7) 

lead to 

V k > [xi, dxj] = -Ski [t, dxj] - 5 kj [xi, dt] , V k > [t, dx { ] = -5 ki [t, dt] , 
V k > [xi, dt] = -Ski [t, dt] , V k > [t, dt]=0 , 

J k > [xi, dxj] = e kil [x h dxj] + e kj i[xi, dx t ] , J k > [t, dxi] = e kU [t, dx{\ 
J k >[xi,dt] = e k ii[xi,di\ , J k >[t,dt] = ; 



(5.8) 



V k > [xi, dx\ = S k i [t, dx\ +m[xi, dx k ] , V k > [t, dx] = m[t, dx k ] , 
J k > [xi, dx] = e k u [xi, dx] , Jk > [t, dx] = ; 



(5.9) 



Tfl 

Vk > [x, dxi] = m[x k , dxi] - S ki [x, dt] - —S ki dt , V k > [x, dt] = m[x k , dt] , 

K 

9 

in 

Vk > [x, dx] = m i x k, dx] + m[x, dx k ] + —dx k , 

K 



J k > [x, ttej] = e kU [x, dxi] , J fc > [x, dt] = , J fc > [x, dx] = 



It is not difficult to check that the commutators 

Tfl 

[xi,Xj]=0 , [t,Xi] = , [t,x]=0 , [a:i,x] = -— , 
[x{,dt] = , [xi,dxj] =0 , [t, dt] = , [t, dxi] = , 

Mx] = , [xj,c?x] = , 

r i m 2m 

[X, rfa:^ = — dxi , [x, dt] = , [x, «XJ = — «X , 

K K 



(5.10) 



(5.11) 
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are a solution to (5.6), (5.7), (5.8), (5.9) and (5.10) which satisfies Leibniz rule 
and the Jacobi identities. Since (5.8), (5.9), (5.10) and (5.11) are the c — > oo 
limits of (3.9), (3.14), (4.6) and of (2.7), (4.4), (3.15) and (4.7) respectively, we 
see that there is complete consistency among the contraction limit V k —^G( m )k an d 
the c — > oo limit relating the differential calculi Y(M. k ) , r(J\f k ) on the enlarged 
^-Minkowski Aia and Newtonian Ma spacetimes respectively associated with 
and G(rn)h- Thus, the diagrams 

A™ G {m) k r(M k ) C ^ T(Af k ) 

k—>oo I I k—>oo I I 

v — > G [m) T(M) — > r(St) 

are commutative. The deformation described by G[ m )k * s rather mild: it only 
affects [Vi,Xj] and AXi, AVi (eqs. (5.2), (5.3)) and, as far as the differential 
calculus is concerned, the commutators of \ with Xi, dxi and dx only; in particular, 
time is commutative. This is not surprising if one realizes that G{m)h ( ec l s - (5-2), 
(5.3)) provides an example of a cocycle extended Hopf algebra, the non-trivial 
antisymmetric two-cocycle (generated by the contraction process) being given by 

W,Xj) = tiiji 1 - ex P(— -)) = Vd (5.12) 

i.e., by the c — > oo limit of (4.9); this reproduces [Vj,Xj] in (5.2). 

To complete the picture, we mention that we might have looked at the non- 
relativistic limit of V k x U(E) itself. The differential calculus for it is given by 
(3.11) completed with [i],x^\ = , [r),dx u ] = dx^/n , [77, ^77] = where <fi = drj. 
Replacing k by he, we see that in the nonrelativistic limit 77 'decouples' and that 
all commutators are zero but for (3.12). This nonrelativistic calculus on Newto- 
nian spacetime is thus noncommutative despite the fact that it is associated to 
the 'classical' Galilei algebra: in the c — > 00 limit, V~ K x U(E) — > U{G) x W(S) 
(rather than ^( m )«) since k disappears in the contraction limit. Nevertheless, it 
may be seen that the differential calculus based on Q allows for a proportionality 
constant \i in [xi,dxj] = Sij/idt (all other commutators must be zero), and thus 
the commutativity of the c — > 00 limit is consistent with the above result if ji is 
set equal to 1/k instead of being zero. 
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6. Deformed Galilei algebra Q~ K and its bicrossproduct structure 

Let us now consider the redefinition b) in Sec. 3 i.e., the algebra obtained 
from V K by replacing k by k/c. It will turn out that it is not possible to construct 
fully commutative diagrams as in the previous section. Nevertheless, the c — > oo 
limit of Vk (eqs. (2.1), (2.2) and (2.3)) gives rise to the deformed k-Galilei algebra 
(?k 1340 - Since this is a deformation of the ten parameter Galilei algebra Q which 
is interesting in itself we shall describe it now. Its commutators are given by the 
abelian translation sector plus 

[Ji, Jj] — tijkJk ? [Jh Xj] — tijkXk , [Ji,X t ] = , 

[Ji, Vj] — €ij k V k , [Vi,X t ]=Xi , 

1 1 (6- 1 ) 

[V i ,X j ]=6 ij —X 2 --X i X j , \yi,Vj]=0 ; 



the coproducts and antipodes are given by (cf. (2.2), (2.3)) 

AX t = X t ® 1 + 1 ® X t , AXi = Xi ® 1 + exp(-X t /«) ® X { , (6.2) 

AJj = Ji®\ + \® Ji , AVi = V l ®l + exp(-X t /k)®V i + e -^X j ®J k ,(6.3) 
S(X t ) = -X t , 5(X i ) = -exp(X t /«)X i , (6.4) 

S(Ji) = -Ji , S'(y i ) = -exp(X t /«)Vi + 4eyfcexp(X t /«)X J -J fc . (6.5) 

Eqs. (6.1)-(6.5) satisfy all Hopf algebra axioms; in the k— > oo limit, the undeformed 
Galilei Lie algebra Q expressions are obtained. 

Since Q has a semidirect product structure with the translations being an ideal, 
it is natural to ask ourselves whether the ^-deformation above has a bicrossproduct 
structure. We now show that this is the case, and that in fact it may be obtained 
by the contraction limits of the right action a and the left coaction (5 in (2.5) and 
(2.6). Specifically, Q~ K = U(R o B)>* U k {Tr) where now 
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a) Uk(Tr) is the commutative and noncocommutative algebra defined by (6.2) and 
(6.4) 

b) U(Ro B) is the undeformed Hopf algebra of rotations and Galilean boosts, 




[Ji, Vj] = eijkVk 



[Vi, Vj] = 



(6.6) 



with antipodes S(Ji) = — Ji, S(Vi) = —Vj,. 
c) the right action a : U K {Tr) <S> U(R o B) — > U K (Tr) is defined by: 




X t <V l = [X t ,Vi\ = -X t 



(6.7) 



X, < Vj = [X t , V 3 ] = Sij—X 2 + ^XiXj 



and the left coaction p : U(R o B) -> U k {Tr) ® U{R o B) by 

/3(Ji) = 1 (8) Ji , = exp(-X^) ® + ^Xj ® Vfc (6.8) 

i.e., by the c — > cxd limits of (2.5), (2.6). 

To prove that Q% = U(R o B)x Ua(Tr) one needs checking first that the 
properties (A. 4) (module action) (A. 6), (A. 7) (comodule coaction) and (A. 8), (A. 9) 
(comodule coalgebra) are satisfied with a and (3 defined by (6.7), (6.8) and that 
the compatibility conditions (A.10)-(A.14) hold. In the present case, the property 
(A. 5) for a is automatic since a is given in terms of commutators, eq. (6.7), and 
the coproduct in R o B is primitive. Moreover, it is sufficient to check (A. 8), 
(A.9) for the elements h = Vi G U(R o B) since for (3 trivial (/3(h) — 1a ® h for 
h = Ji) and primitive coproducts (A(/i) — h<S>l + l<S>h) eqs. (A. 8) and (A.9) are 
automatically satisfied. As for the compatibility conditions, eqs. (A. 10) and (A. 12) 
are immediate, and (A. 14) is automatic since A (Tr) is abelian and H (rotations 

18 

and boosts) cocommutative (see e.g. or Appendix A). As for the r.h.s. of (A. 11), 



17 



it reads for e.g., a = Xi, h = Vj 



[Xi, Vj] <g> 1 + [exp(-X t /k), Vj] ®Xi + exp(-2X t /«) <g> [X;, Vj]+ 



+ exp(-X t /kf-^X k (g ) [X t ,J l ] , 

K 



(6.9) 



where a < 1 = a [(A. 4)] and 1 < h — e(h) = [(A. 5)] have been used and which 
may be checked to be equal to A([Xj, Vj]) as computed from the last equation in 
(6.7). Similarly, condition (A. 13) is satisfied by (6.8). The Hopf structure now 
follows from (A.15)-(A.18). Clearly, these equations do not modify the coproduct 
and antipode of the translation sector and reproduce trivially those for Jj since, 
for it, (3 is trivial. As for V{, it is simple to check that eqs. (6.3) and (6.5) are 
obtained. 

Finally, let us find the Casimir operators for Q^. The Casimirs of V K are given 

by 

Ci = P 2 exp(P /«) - 4/t 2 sinh 2 (Po/«0 , 

P 2 exp(P /«)\ 2 w2 (6.10) 



C 2 = cosh(P //t) - 



Ak 2 



where the deformed Pauli-Lubahski vector is given by 



W = PMexp(P /2/t) , 



Wi = uMi sinh(P /«) + exp(P /«) ( e ijk PjN k + ^(^P ~ P(PM)) 



1 



(6.11) 



Taking the c — > oo limit of (6.10), (6.11), the Casimirs of G% are found to be 



Ci = X 2 exp(X t /k) , C 2 = - exp(2X t /k) 



X x V + — J X z 

2k 



(6.12) 



where for the second one we have used C = C2/C 2 to take the limit; it may 
be checked that they commute with all elements of 0%. Moreover, for k — > 00 
they become the Galilei algebra Casimirs i.e., the square of momentum X 2 and of 
angular momentum (V x X) 2 oc L 2 respectively. 
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7. ^-Newtonian spacetime Mk and differential calculus 

The k- Newtonian spacetime Mr may be introduced (as JA K ) by duality, now 
from (6.2). This leads to the basic relations 

At = t<8)l + l<8)t , Axi = Xi <g> 1 + 1 <g> Xi ; 
= , = — , 

analogous to (2.7); again we find for this for M K , the physically rather 

inconvenient fact of having a noncommutative time. The left action of the ^-Galilei 
algebra generators is given by (5.6). As one might expect, the elements xo and x 2 
are invariant in Mr under the K-Euclidean Hopf algebra generated by (X t ,Xi, J{), 
eqs. (6.1)-(6.5). To introduce a first order K-Galilei invariant differential calculus 
we apply (5.6), (3.8) and obtain 

V k > [x^ dxj] = -5 ki [t, alxj] - 5 kj [xi, t] + \{5 kj dxi - 5ijdx k ) , 

V k > [t, dxi] = -Ski [t, dt] + ^S ki dt , 

V k > [ Xi , dt] = -5 ki [t, dt] , V k > [t, dt] = , 

J k > [xi, dxj] = e kU [xi, dxj] + e kj i[xi, dx{\ , 

J k > [t, dxi] = e kU [t, dxi] , J k > [x^ dt] = e kU [xi, dt] , J k > [t, dt] = 

i.e., the contraction limit of (3.9). 

If we now try to find an expression for the commutators [t,dt], [t,dxi], 
[xi,dt], [xi,dxj] following the same process which lead to (3.11) we find that 
there is no solution even if an invariant one-form <fi is added. Let us then introduce 
a one-form ip, with dimensions of an action, and with transformation properties 

V k >if = mdx k , J k > ip = . (7.3) 

Using (7.3), the relations (7.2) are now completed with the following ones 

V k >[xi,(p] = -6 ki [t,(p]+m[xi,dx k ] , 

V k > [t, p] = m[t, dx k ] - —dx k , (7.4) 

K 

M k > [xi,<p] = e kU [xi,ip] , M k >[t,<p]=Q , 
which turn out to be the contraction limit of eqs. (3.14). Writing e.g. [xi,dxj] = 
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AfjXa where Xa = (dt,dxi,ip), eqs. (7.2) and (7.4) give rise to a linear system of 
equations, which admits (3.16) as a solution. The general solution depends on one 
parameter A, 

[t, dt] = —dt , [t, dxi] = , [t,ip] = 2m\dt — —<p , 

K (7.5) 

1 / ip \ 

[xi, dt] = —dxi , [xi, dxj] = 5ij I Xdt ) , [xi, </?] — Xmdxi ; 

k V mkf 

eqs. (3.16) correspond to A = 0. It is reasonable to select A = since A has dimen- 
sions, [A] = L 2 T~ 1 , and there are no grounds to introduce another dimensionful 
parameter. We do not have complete closure in this case however, because the last 
two equations in (4.7) do not have a limit if k is replaced by k/c in them. 



8. Conclusions and outlook 

We have given in this paper a deformation G(m)k °f the extended Galilei al- 
gebra Q(m) and a deformation Qa of the Galilei algebra Q, and discussed their 
differential calculus on the enlarged Newtonian spacetime A4 and on A/^. The 
two deformations have been obtained, respectively, as the contraction limits of a 
pseudoextension Pg of Vg and of Vg . Both G(m)k an d Gr retain the same cocycle 
and bicrossproduct structure of their parent deformed algebras. In the case of 
Vf~ and G{m)ki there is complete commutativity among the nonrelativistic and the 
undeformed (k — > oo) limits. The fact that an additional variable x (f — dx) is 
necessary in the relativistic differential calculus associated with Vk, and that the 
deformation enters in G(m)h on ^y through the central generator, opens an intriguing 
relation among deformation and quantization. Indeed, it is known that in the unde- 
formed case the central additional generator plays a role in geometric quantization 
theories in which there exists a ?7(l)-principal bundle structure. In them, Planck's 
constant appears as the divisor which makes of the two-cocycle (local exponent) 
the dimensionless quantity needed for a phase (in particular, this would also be 
the situation for the simplest example of the Weyl-Heisenberg algebra). In any 
case, the need for this additional one-form in the presence of a deformation is not 
an isolated fact; for instance, it is also present in the case of the Euclidean space 
obtained starting from £4,£(2), for which there is also a bicrossproduct structure 
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and a similar study can be made. This phenomenon is similar to the known un- 
balance between the invariant vector fields and Maurer-Cartan one-forms present 
in deformed groups other than the general linear groups. In fact, it appears to 
be difficult to construct noncommutative differential 'spaces' whose tangent spaces 
have the same dimension as in the undeformed theory (see, e.g. \ 2 , 3 and 44 ). 

The commutativity of the c — > oo and undeformed limits fails for the Va 
covariant differential calculus; this is also manifest in the absence of an extended 
£/( m )«rtype deformation coming from a c — > oo limit of Va- Thus, although a 
deformation of the Galilei algebra Q% and a deformed differential calculus on k- 
Newtonian spacetime exist if the one-form tp [(7.3)] is added, it is not possible 
to define an enlarged nonrelativistic spacetime Af%, since the presence of x does 
no allow for a c — > oo limit (see (4.7)). The bicrossproduct Hopf algebra Q% is 
a stronger deformation of the Galilei algebra (the time here is non-commutative, 
eq. (7.1)) than £7( m )& is of G( m \, but no cocycle bicrossproduct extension seems to 
exist for Q%. Thus, although the need for an additional form appears natural due 
to the central generator in and Q< m )ki no such extension exists for Q% closing 
the appropriate commutative diagrams. 
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APPENDIX A: Bicrossproduct of Hopf algebras and cocycles 

We summarize here for completeness Majid's bicrossproduct construction and 
refer to 18 ' 19 (see also 45 ) for details. Let A and H be Hopf algebras, and let 

a) A be a right iJ-module algebra (H\x A) 

b) H be a left A-comodule coalgebra (H >* A) i.e., there exist linear mappings 

a:A®H^A , a(a®h)=a<h , a E A, h £ H ; (A.l) 

[3:H^A®H , /3(h) = hM®hW , h (1 ^eA,h (2) eH (A.2) 

(in general, superindices refer to f3, subindices to the coproduct A), such that the 
properties of 

al) a being a right H— module action: 

a<l H = a , (A.3) 

(a<h)<ti = a<hti ; (A.4) 
a2) A being a right H-module algebra: 

1a < h = lA£(h) , (ab) <h = (a<h(i))(b<h(2)) (A.5) 
bl) (3 being a left A-comodule coaction: 

e A (h {1) ) <g> h {2) = I A ® h = h [(e <g> id) o (3 = id] , (A.6) 

hW®hWW®hW® = h^Qh^Qh® [{id®(3)o(3 = (A<g>id)o/3] ; (A.7) 
b2) if being a left A-comodule coalgebra: 

h^e H (h^) = l A e H (h) [{id®e)o(3 = e\ , (A.8) 

[(id <g> A) o (3 = (m A ®id® id) o (id <g> r <g> id) o (/3 <g> (3) o A = (/3<g>/3) o A] , 

(A.9) 

where mA is the multiplication in A and r is the twist mapping, are fulfilled. 
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Then, if the compatibility conditions 



e A (a<h) = e A {a)e H {h) , (A.10) 

A(a < h) = (a < h)^ <g) (a < /i)( 2 ) = (a(i) < fyi))^(2)' > ® a (2) <■ > (A-H) 

= l£ } <g> 1% ] = U ® 1// , (A.12) 

P(hg) = ® (M (2) = < 9(i))9$ ® ^ 2) <? ( g } , (A.13) 

/ i( iJ ) (a</ i(2) )®/ i( i 2) = (a</ i(1) )^5 ) ®/ i( g ) , (A.14) 
are satisfied 46 , there is a Hopf algebra structure on K = H <g> A called the (right- 

18 

left) bicrossproduct i/M A defined by 

(h <g) a) (5 <g) 6) = (g) (a<0( 2 ))6 , h,geHa,beA , (A.15) 

Ax(/i ® a) = (8) ^(2)^ a (i) ® ^(2)^ ® a (2) ' (A.16) 

5(/i(8)a) = (l H ®S A (h^a))(S H (h^)® 1 A ) . (A.18) 

In H <g) A, h = h®l A and a = l#®a; thus, a/i = h^®(a<h^ 2 ))- When (3 = 1a® I 
i.e. /3(h) — 1 A <8) h (trivial coaction) and H is cocommutative, K is the semidirect 
product of Hopf algebras; when a is trivial, a = 1 A <8> e# (a < /i = ae#(/i)) and 

47 18 

A is commutative X is the semidirect coproduct of Hopf algebras ' . When a 
is trivial, (3{hg) = (3{h)(3{g) (algebra homomorphism) since e(fl , (i))/?(fl l (2)) — /2(fl0 
(linearity of (3). 

23 
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The above construction may be now extended to include cocycles . Let H and 
A two Hopf algebras and a and (3 as in (A.l), (A. 2). Then A is a right if -module 
cocycle algebra if (A. 3), (A. 5) are fulfilled and there is a linear (two-cocycle) map 
f : H ®H -> A such that 

i(h®l H ) = l A e(h)=i(l H ®h) UIh®Ih) = U\ , (A.19) 

€(h{i)9(i) ® /(i))(£0(2) ®0(2))</(2)) = £(^®£(i)/(i))£(#(2) ® 7(2)) ,Vh,g,feH , 

(A.20) 

48 

(cocycle condition ) and (A. 4) is replaced by 

f(tyi)®0(i))((a</i( 2 ))<0(2)) = ( a <(^(l)^(l)))C(^(2)®^(2)) >Va G A,Vh,g G if , 

(A.21) 

which for £ trivial reproduces (A. 4). Similarly, H is a left A-comodule coalgebra 
cocycle if (A. 6), (A. 8), (A. 9) are fulfilled, and there is a linear map ip : H — > A® A, 
^(/i) = <g> V(^) (2) , such that 

e(^(/i) (1) M>0 (2) = le(/i) = ^(/i) (1) e(^(/i) (2) ) , [(e <g> id) o $ = (id ®e)o^] , 

(A.22) 

\SV(/*(2)) (1) ® V(^ ( l 2) )AV(/i( 2) ) (2) = ^(/ i( i))A^(/ i(2) )( 1 ) ® V(fy 2) ) (2) , V/i G if , 

(A.23) 

(dual cocycle condition) and (A. 7) is replaced by 

((id ® f3) o /3(h {1) ))(if>(h {2) ) ® 1) = ® 1)((A ® id) o /?(fc (2) )) = 

^(/ i(1) )A^; ) ®/^ ( g ) . (A,24) 

Then, if the compatibility conditions (A. 10), (A. 12), (A. 14) and 

^(h {1) )A(a < h (2) ) = [(a (1) < h {1) )h$ ® a (2) < /^Vtfys)) , (A.25) 

/5(^(1)5'(1))(^(^(2)®^(2))«>1) = e(^(l)®5'(l))(^ ( 25 ) ^5'(2))^ ( 3j ) « )/i (2) ) 5 , (3) ) > ( A ' 26 ) 
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(which replace (A. 11), (A. 13)), together with 



(/l( 2 ) ® f(2)) = S(tyl) ® f(l))( /l (2) ) < ^(2))^(3} ) (^( / i(3)) (1) < 9{A))g ^) 



(2) 



e(Z(h®g)) = e(h)e(g) , ij){l H ) = 1 A ® U 



(A.27) 
(A.28) 



hold, (H, A,a, (3,^,tp) determine a cocycle right-left bicrossproduct bialgebra 
H^\><^ A 19 . In it, the counit and unit are defined by (A. 17) and the product 
and coproduct by 



(h ®a)(g®b) = h {l) g (1) <g> £(/i (2 ) <g> #( 2 ))(a < #(3)) & , 



(A.29) 



A(h ® a) = <g) /i ( ^V(^(3)) (ij a ( i) ® /i (2 ) J ® ^(/i( 3 )) l2j «(2) 



(2) 



(A.30) 



For f trivial <g> #) = e(/i)e(#)l A ] (A.21) reduces to (A.4), (A.26) to (A.13) 
(use (e<g>id<g>id)A 2 = A) and (A.29) to (A.15). For trivial [ip(h) = l A ®l A e(h)], 
(A.24) reduces to (A.7), (A. 25) to (A.ll) (use (m <g> id) (id <g> /3)(id <g> id <g> e)A 2 = 
(ra® id) (id ® ft) A) and (A.30) to (A. 16) (use (id <g> id ® e)A 2 = A multiplied from 
the right by (id <S> Aa)). 
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